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Recently P. Wocjan and M. Horodecki [quant-ph/0503129] gave a characterization of combina-
torially independent permutation separability criteria. Combinatorial independence is a necessary
condition for permutations to yield truly independent criteria meaning that that no criterion is
strictly stronger that any other. In this paper we observe that some of these criteria are still de-
pendent and analyze why these dependencies occur. To remove them we introduce an improved
necessary condition and give a complete classification of the remaining permutations. We conjec-
ture that the remaining class of criteria only contains truly independent permutation separability
criteria. Our conjecture is based on the proof that for two, three and four parties all these criteria
are truly independent and on numerical verification of their independence for up to 8 parties. It
was commonly believed that for three parties there were 9 independent criteria, here we prove that
there are exactly 6 independent criteria for three parties and 22 for four parties.
I. INTRODUCTION
The field of quantum computation and information re-
lies heavily on the existence of the entanglement phe-
nomenon. Yet the basic question, whether a given multi-
partite quantum state is entangled or not, remains essen-
tially open. Mathematically, a state is not entangled or
separable if it can be expressed as a convex combination
of product states [1]. For an r party state ρ this means
ρ =
∑
i
pi ρ
1
i ⊗ ρ
2
i ⊗ · · · ⊗ ρ
r
i ,
with pi > 0 and
∑
i pi = 1. Much work has been done
computationally in devising an efficient algorithm, which
would tell whether the state is entangled or separable.
Notable is the work by Doherty et. al. [2, 3, 4], where a
nested set of entanglement criteria is constructed, which
in the limit of infinite tests detects every entangled state.
When the state is separable, the algorithm never ends.
Thus the convex set of separable states is iteratively ap-
proximated from the outside. The dual approach has
been formulated in Ref. [5], which works from the in-
side, detecting separability. An independent two-way al-
gorithm for detecting separability was devised in Ref. [6].
Yet, despite these advances, the separability problem is
known to be NP-hard [7]. For the state of the art in these
computational approaches the reader is referred to Ref.
[8] and references therein.
Although these computational criteria solve the prob-
lem in principle, they are analytically hard to work with
and lack a clear physical interpretation. Ideally we would
also like to have a simple set of operational criteria de-
tecting most of the entangled states, with a nice physical
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interpretation. The prime example of such a criterion
is the partial transpose, originally introduced by Peres
[9]. States not violating this criterion have been shown
to be undistillable or bound entangled [10]. The partial
transpose criterion is basically a transpose operation in
one or more of the parties of the total system. Writing
down the quantum state in a specific basis, this amounts
to rearranging the matrix entries. The cross norm or
realignment criterion [11, 12] works similarly and is inde-
pendent of the partial transpose criterion. In particular
it can detect bound entangled states. Some analytical
properties of the realignment criterion have been studied
in Ref. [13]. In Ref. [14] a unified approach to these two
criteria was presented, which can be extended to multi-
partite systems. We refer to these criteria as permutation
criteria.
Let us briefly recall the essential part of these crite-
ria. For simplicity, consider a bipartite system and the
operation T which performs a transpose of the second
subsystem, that is
|i〉〈j| ⊗ |k〉〈l|
T
→ |i〉〈j| ⊗ |l∗〉〈k∗|.
Where we denote vectors as |l∗〉 for the complex conju-
gate of |l〉. Due to linearity, this operation is well defined
for arbitrary quantum states. A state ρ is entangled if
the trace norm ‖T (ρ)‖ > 1. Note that the usual par-
tial transpose criterion says that a state is entangled if
T (ρ) has some negative eigenvalues, but as T (ρ) is Her-
mitian this is equivalent to saying that ‖T (ρ)‖ > 1. This
was first observed in Ref. [15], where it was shown that
the quantity ‖T (ρ)‖ gives rise to a good entanglement
measure. The realignment criterion corresponds to the
operation R which acts as
|i〉〈j| ⊗ |k〉〈l|
R
→ |i〉〈k∗| ⊗ |j∗〉〈l|.
Again, we have that a state ρ is entangled if ‖R(ρ)‖ > 1.
Other bipartite permutation criteria can be constructed,
2but they turn out [14] to be equivalent to either of these
two.
For more than two parties the classification of inequiv-
alent permutation criteria is an open problem. First
steps towards such a classification have been made in Ref.
[14, 16, 17]. For three parties it was implied that there
are 9 inequivalent criteria [16, 17], and for four parties at
most 34 inequivalent criteria [17].
The aim of this paper is to improve upon these re-
sults. The paper is structured as follows. In section 2
we review the work of Wocjan and Horodecki [17] and
introduce their graphical notation. Section 3 is devoted
to our main results; we show that the class of the so-
called combinatorially independent permutation criteria
contains some equivalent criteria which always occur in
pairs. We completely classify these criteria and give a
new upper bound of the number of independent criteria
(this is Theorem 3). In particular we find that there are
at most 6 independent criteria for three parties and 22
for four parties. In section 4 we show that for 2, 3 and
4 parties the criteria from Theorem 3 are truly indepen-
dent, in the sense that no criterion is strictly stronger
than any other criterion. Finally, we discuss our results
and argue that there are most likely no more equivalences
in the criteria from Theorem 3.
II. NOTATION AND PREVIOUS RESULTS
We start this section with a formal definition of the
permutation criteria. Consider an r-party state belong-
ing to a Hilbert spaceH, whose subsystems have the same
dimension d. A general state ρ ∈ H can be expanded as
ρ =
∑
i1,i2,...,i2r
ρi1i2,i3i4,...,i2r−1i2r |i1i3 . . . i2r−1〉〈i2i4 . . . i2r|,
where all indices run from 1 to d.
Let S2r denote the symmetric group with (2r)! ele-
ments, that is the group of the permutations of the set
{1, 2, . . . , 2r}. We define for each permutation σ ∈ S2r a
corresponding map Λσ on operators acting on H as[
Λσ(ρ)
]
i1i2,...,i2r−1i2r
= ρi
σ(1)iσ(2),...,iσ(2r−1)iσ(2r) .
We will represent permutations as [σ(1)σ(2) . . . σ(2r)] or
in disjoint cycles (an example below will make this clear).
In Ref. [14] it was shown that every permutation σ ∈ S2r
gives rise to an entanglement criterion. Namely, a state ρ
is entangled, if ‖Λσ(ρ)‖ > 1 for any permutation σ ∈ S2r,
where ‖A‖ = Tr(AA†)1/2 denotes the trace norm.
Let us illustrate these definitions for bipartite quan-
tum states. With the notation introduced above the par-
tial transpose criterion corresponds to the permutation
[1 2 4 3] = (3, 4) while the realignment criterion corre-
sponds to the permutation [1 3 2 4] = (2, 3).
Definition 1 (Independent permutation criteria).
Let σ and µ be two permutations in S2r. We call the
corresponding entanglement criteria σ and µ dependent
if and only if
‖Λσ(ρ)‖ = ‖Λµ(ρ)‖, (1)
for all quantum states (that is, positive operators with
trace 1). Else, the permutation criteria are called inde-
pendent.
This definition is motivated by the fact that indepen-
dence is a necessary condition for two permutations to
yield truly independent entanglement criteria. This con-
dition extends the necessary condition of combinatorial
independence introduced in [17]. The definition of com-
binatorial independence is very similar to the definition
of independence. The decisive difference is that two per-
mutations are combinatorially dependent if and only if
equality in (1) is achieved for all operators and not only
quantum states. In this case, the maps Λσ and Λµ are re-
lated by a norm-preserving map. A norm preserving map
Λ is a map such that for any operator A (not only density
operators), ‖A‖ = ‖Λ(A)‖. Moreover, it can be shown
that if Λσ and Λµ are related via a norm-preserving map
Λ, then Λ = Λν must come from some permutation ν. We
call such a permutation norm-preserving permutation.
An example of such a norm-preserving permutation
is the global quantum transpose (GQT), which trans-
poses the complete system. It can be written as τ =
(1, 2)(3, 4) · · · (2r − 1, 2r). Another example of a norm
preserving map Λ is the “unitary” transformation Λ(ρ) =
UρV , where U and V are unitary operators. Reordering
the different parties in the density matrix representation
is an example of such a “unitary” transformation. Con-
sider for instance the transformation
ρ =
∑
i
ρAi ⊗ ρ
B
i → ρ
′ =
∑
i
ρBi ⊗ ρ
A
i .
This mapping can be implemented by means of multipli-
cation on the left and on the right by the swap operator
[17].
To illustrate the necessary condition of combinatorial
independence let us consider again a bipartite system.
The operation R′ induced by the permutation (1, 4) gives
rise to the same criterion as R induced by the permu-
tation (2, 3). Indeed, the permutation R′τ (here and
elsewhere permutations are evaluated from left to right)
transforms [1 2 3 4] into [2 4 1 3], which up to reordering
of the parties is equivalent to [1 3 2 4]. This is just the
transformation defined by R.
Theorem 1 (Combinatorially independent criteria
[17]). The group T of norm preserving permutations can
be generated as
T = 〈(2k, 2l), (2k − 1, 2l− 1), τ〉,
where 1 ≤ k, l ≤ r and τ as before denotes the GQT. The
combinatorially independent permutation criteria corre-
spond to the right cosets S2r/T of T in S2r. The num-
ber of independent permutation criteria is therefore not
3larger than 1
2
(
2r
r
)
. In this number, the class of trivial
norm preserving criteria is also counted.
In the same paper, the authors also devised a graph-
ical notion of the criteria, which leads to a way of se-
lecting a simple representative for the right cosets. They
decompose any permutation as a combination of 4 ele-
mentary permutations: the partial transpose, two types
of realignment or reshuffling, and the identity. The corre-
sponding graphical notations are loops from a subsystem
to itself, arrows from one subsystem to another and free
subsystems (no loops or arrows), as graphically depicted
in Figure 1. We call k the head and l the tail if there is
an arrow from k to l. If there is a loop in m, then m is
both head and tail of the loop. We call the support of
an arrow or a loop the set containing its head and tail.
A configuration of arrows and loops is called disjoint, if
the supports of all pairs and loops are disjoint.
Theorem 2 (Canonical representation of combina-
torially independent criteria [17]). The right cosets
S2r/T can always be represented by a disjoint configu-
ration of arrows. All criteria that can be represented in
this manner are combinatorially independent up to re-
versing the direction of all arrows and replacing loops by
free subsystems and vice versa.
III. MAIN RESULTS
It was shown in Ref. [17] that two permutations µ and
σ are combinatorially dependent if there is a norm pre-
serving permutation such ν that Λσ(A) = Λν(Λµ(A)) for
all operators A. One could assume that therefore Theo-
rem 1 cannot be sharpened, that is, all combinatorially
independent criteria are independent. This is true when
one considers the permutation acting on arbitrary oper-
ators. In quantum mechanics however, we deal with pos-
itive operators, which are Hermitian. The following the-
orem exploits this fact and counts the new upper bound
to the number of independent criteria.
Theorem 3. (i). The permutation criteria correspond-
ing to the permutations σ and τσ are dependent. (ii).
Let Z := {e, τ} be the subgroup of S2r generated by
the QGT τ . Define the action of Z on the right cosets
S2r/T by multiplication from the left of the cosets, that
is, e ∗ σT = eσT and τ ∗ σT = τσT . The new upper
bound on the number of independent criteria is the num-
ber of orbits under this action. It is given by [24]
1
4
[(
2r
r
)
+ 2r +
(
r
r/2
)
· even(r)
]
, (2)
where even(r) = 1 if r is even and 0 otherwise. This
number includes the trivial criterion given by the identity
permutation.
Proof. To prove (i), let us apply the permutation τσ on
an arbitrary quantum state ρ. We have
‖Λτσ(ρ)‖ = ‖Λσ(Λτ (ρ))‖
= ‖Λσ(ρ
T )‖
= ‖Λσ(ρ¯)‖
= ‖Λσ(ρ)‖
= ‖Λσ(ρ)‖.
Here we have used that ρT = ρ¯ because ρ is Hermitian
and Λσ(ρ¯) = Λσ(ρ) because Λ only permutes the entries
of the matrix.
Observe that multiplying a coset σT by τ from the left
is the same as conjugating it by τ because τ is contained
in T , that is, we have
τσT = τσT τ.
It is readily verified that conjugation of a permutation
by τ corresponds to exchanging heads (always odd num-
bers) and tails (always even numbers). Therefore, the
direction of all (true) arrows is reversed and loops and
free subsystems are not affected. An example is shown
in Fig. 2. Following the four rules presented in [17], we
call this Rule 5. The new rule either glues two criteria
together or does not change them. More precisely, the
orbits under the action of Z have size 1 or 2. This is
because τ is an involution
σT → τσT → ττσT = σT .
(ii). There are 1
2
(
2r
r
)
combinatorial independent crite-
ria. With the new rule, there are at most
1
2
(
2r
r
)
−
1
2
[
1
2
(
2r
r
)
−K
]
,
independent criteria left. Here K denotes the number of
criteria not affected by conjugating by the new rule. Now
note that the only criteria (represented as disjoint arrow
configurations) not affected by conjugation with τ are
1. criteria with no arrows and
2. criteria containing only arrows and having no free
subsystems.
If r is odd, then situation (2) cannot occur. The number
of these criteria are readily counted:
(
r
0
)
+
(
r
1
)
+
(
r
2
)
+ · · ·+
(
r
⌊(r/2)⌋
)
= 2r−1,
where we have used an identity of binomial coefficients.
So that in the case of an odd number of subsystems, the
number of criteria becomes (including the identity)
1
4
[(
2r
r
)
+ 2r
]
.
In the case r is even we need to take care of situation
(2). Now this number equals picking r/2 heads from r
4graphical representation corresponding permutation name
k • −→ • l (2k, 2l − 1) reshuffle Rkl
k • ←− • l (2k − 1, 2l) reshuffle R′lk
k  (2k − 1, 2k) partial transpose
k • () identity
FIG. 1: Basic permutations (Table from Ref. [17]).
a) b) c)
✻
r r
r r
❄
r r
r r
✻
r 	
r 	
FIG. 2: Action of the new rule on a disjoint arrow configuration: the first equivalence corresponds to the new rule and the
second corresponds to Rule 4 in [17].
choices, because exchanging tails does not matter. But
we have to divide by two since exchanging all heads and
tails does not matter either, so that the number of criteria
satisfying (2) is given by
1
2
[(
r
r/2
)]
.
We conclude that in the case r is even, the number of
criteria is given by (including the identity)
1
4
[(
2r
r
)
+ 2r +
(
r
r/2
)]
.
To complete the proof, we have to show that the criteria
in the orbits of size 2 are combinatorially independent.
Let σ be a permutation represented by a disjoint arrow
configuration. Assume that there is an arrow from sub-
system k to l in the disjoint configuration of σ. Then
there is an arrow from l to k in the disjoint configura-
tion describing τστ . Loops and free subsystems are not
affected. Using these observation we see that the con-
figuration describing στστ has a closed path from k to l
and no loops. The closed path between k and l can be
transformed into a loop on k and a loop on l with the
help of Rule 3 (Exchanging heads) in Ref. [17]. Now if
we apply these arguments to all arrows of σ we see that
the permutation στστ is not norm-preserving. Conse-
quently, the permutations σ and τστ are combinatorial
independent. This concludes the proof.
Fig. 2 shows an example of how the new rule glues two
combinatorially independent criteria together. In gen-
eral, we have that two permutations corresponding to
disjoint arrow configurations are related by the new rule
if and only if they have the same (true) arrow structure
(up to exchanging heads) and a complementary loop/free
subsystem structure. The latter means that if the first
criterion has a loop on subsystem k then the subsystem
k is free in the second and vice versa.
IV. ILLUSTRATIONS
In this section we will illustrate the permutation crite-
ria for two, three and four parties. The different criteria
are shown graphically in Figure 3. Here loops (partial
transpose) are depicted by a little circle, solid lines rep-
resent the first type of reshuffling and dotted lines, the
second type of reshuffling. In this section we go further
and show that the criteria from Theorem 3 are truly in-
dependent: no criteria detects strictly more states than
any other criteria.
A. Two parties
For a quantum system consisting of two parties, there
are only two non trivial inequivalent permutation crite-
ria: the partial transpose in one of the subsystems and
reshuffling between the two subsystems. For the low di-
mensional systems H ∼= C2 ⊗ C2 and H ∼= C2 ⊗ C3 the
positivity of the partial transpose is a necessary and suf-
ficient condition for separability [18], while this is not the
case for the realignment criterion [12, 13]. For higher di-
mensional systems these criteria are truly independent.
We have tested the realignment criterion on all known
bound entangled states ρ ∈ H ∼= C3 ⊗ C3 in the liter-
ature. The maximum value we have found for ‖R(ρ)‖
is 7/6 and is achieved for a particular chess-board state
5a)
QT
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R
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QT
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q
❜ q
q
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R
q
q q
q
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q
q q
c)
QT
❜ q
q q
q ❜
q q
q q
❜ q
q q
q ❜
2QT
❜ q
❜ q
❜ ❜
q q
❜ q
q ❜
R
q q
q q
q q
q q
q q
q q
q q
q q  
q q
q q ❅
q q
q q
R+QT
q q
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q q
q q
❜ q  
❜ q
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2R
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q q
q q
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R+R’ ♣♣♣
♣
♣
♣q q
q q
FIG. 3: Independent permutation criteria for a) two, b) three, and c) four particles. Picture adapted from Ref. [17].
[19]:
ρc =
1
12


1 0 1 0 0 0 1 0 0
0 1 0 0 0 −1 0 −1 0
1 0 2 0 −1 0 0 0 0
0 0 0 1 0 −1 0 1 0
0 0 −1 0 1 0 1 0 0
0 −1 0 −1 0 2 0 0 0
1 0 0 0 1 0 2 0 0
0 −1 0 1 0 0 0 2 0
0 0 0 0 0 0 0 0 0


.
B. Three parties
For three parties we have proven that only 6 criteria
are independent, previous work [16, 17] indicated that
there were 9. The 6 criteria are the partial transposes
(row QT) in the 3 subsystems and the 3 reshufflings (row
R) between any of the two subsystems.
To show that all the criteria from row QT are inde-
pendent, it is sufficient to note that there exist tripartite
states which are separable with regard to two splits, but
not to the third one (for an example with qubits, see
Ref. [20]). It has been proven [13] that the trace norm
of the realigned density matrix remains invariant when
an uncorrelated ancilla is added. Now take a bipartite
entangled state which violates the realignment criterion
but not the partial transpose criterion (such as ρc). By
adding an uncorrelated ancilla and reordering the sys-
tems, we can construct states that are detected by one
criterion from row R only. These states are trivially not
detected by any criterion from row QT as they are bound
entangled.
Note that the realignment criterion, in contrast to the
partial transpose criterion can detect genuine tripartite
entangled states, that is, entangled states that are separa-
ble under any bipartite cut. This has been demonstrated
in Ref. [14] with the tripartite bound entangled states
from Ref. [21].
C. Four parties
For four parties, there are at 22 non trivial independent
permutation criteria. As for three parties, it is trivial to
construct states that are only detected by one partial
transpose criterion (that is a criterion with only loops).
Again, each criterion with at least one realignment is
truly independent of the transpose criteria because the
trace norm of the realigned density matrix remains in-
variant when an uncorrelated ancilla is added.
To show true independence within the set of realign-
ment criteria (rows R, R+QT, 2R and R+R’), let us first
6consider the rows R and R+QT. Using states with a neg-
ative partial transpose, it is very easy to construct exam-
ples to show that these criteria are independent from each
other and from the rows R and R’. We verified this using
a random search over the state space on 4 qubits (using
the algorithm outlined in Ref. [22]). In the same way it
can be checked that the criteria from the rows 2R and
R+R’ are independent from each other. To show that
they are also independent from the rows R and R+QT,
it can be verified that they detect states of the form
ρ = (1− β)ρc ⊗ ρc + β1 /81 for a larger parameter range
of β > 0.
V. DISCUSSION
In Ref. [14] a powerful class of separability criteria
was devised based on permutations. The class however
contained many redundancies, and to give a complete
characterization of the independent criteria is an open
problem. In Ref. [17] a graphical representation for per-
mutations together with rules for simplifying them were
introduced based on a sufficient condition for two per-
mutations to yield dependent criteria. This equivalence
meant that two combinatorially dependent criteria yield
the same value of the trace norm on all operators. Com-
binatorially, density operators have a prominent Hermi-
tian symmetry, that is a global quantum transposition
together with a complex conjugate. In this paper we
have exploited this symmetry and we have shown how
this lead to dependence of particular combinatorially in-
dependent criteria. It is unlikely that there are more
dependences in the criteria from Theorem 3.
Density operators differ from arbitrary operators also
in the fact that they have positive eigenvalues. But since
permutations only reorder matrix entries, it is not very
likely that this positiveness would lead to more criteria
to be dependent. We have verified the independence of
the criteria numerically on a random state for 2 upto 8
parties.
In the same way as we illustrated for three and four
parties, it is easy to see that the criteria with only loops
(only partial transpositions) are independent. These
criteria are independent from the ones having at least
one realignment since those can detect bound entangled
states. To prove the independence within the class of
criteria with at least one realignment one could try to
generalize the arguments from Section 4.
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